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R 53, Int 7,1.

INTRODUGTION

This report R 53, Int 7 is the seventh of a number of interim
reports giving information about computations carried out by the
Computation Department of the Mathematical Centre on behalf of
the National Aeronautical Research Institute in Amsterdam under
contract R 53%3. The final report R 53 thet will be made unp even-
tually will not contain much else than the final results of +he
computations and, moreover, will be not available for genecral
distribution:s As however in the course of the computations a 1ot
of information has to be compiled for internal use, and nart of
thls information may be of some value to others, this compilation

will be done in the form of interim reports, that will he made
avallable for limited circulation.
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Summary.

Section 2 of this report deals with the computation of the
function

N

Ll(na'? l): sin *’[1 j ot COShg — d....u.?....... — (1,1)

5 cosh¥ + COS N

ﬂ?——; G'n(Py-ﬂ-yn l)’ (1,2)
(2)
< Ne® =" (0) 2 (n) Sin mgy
“Z:\ % sen(n l) N’e(an | (0) i Tn}.-'? an m j Sn( P’H’Ql) ’
; (1,3)
co (2) - L
Ne (0) - sin mnq
«E‘ Z Sem(“l l) N‘T—Y—_—e n2 ‘(O) + i‘ B(ml’l) - f Tn(fs,n,ql),
- (1,4)
* il l2)
SrePoy
N Nen2 '(O) = Ps ’71) n (PP-Q? '71)9 (1,5)
3 Nel(,lZ)(O) .
M= M Sn (F?n’ql) Tn (iﬁ?ni‘ ?1)9 (196)
n
oo (2)
Ne (0)
> n * o
M Ne n2 ‘(O) Sn (F,‘n:'?l) Tn (f; 7?1)9 (1,7)
'§ Neé?)(O) .
AN Ne( 25 (O) Tn (P7&’Ol) Tl’l (;6’ 'O'? ‘?l) 9 (lu8)
mzn """\‘n(P?Q) Sn*(iﬁyﬂyvl) (1,9)
m% A n(B,-Q) Tn*(P!ny'}’l)ﬂ (1,10)

The functionsymbols are explained in former reports, and the
asterisk denotes the complex conjugated. Section 3 gives the method
used, section 4 some expansions, and, finally, results are given

in sections 5 through 1lZ2.
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2. Computation of Ll(—ﬂ,"zl) .

From the definition (7,15) of the report F 54 of the National
aeronautical Research Institute, viz.

#3
1(2504) ALy Se a5 , (2,1)
© coshk +cosny |
one sces that the integral converges for values of nwith a

non-positive imaginary part. If one chooses the imaginary vart
of L 1o be negative then it is easily proved by means of

O Lp (4 o
= = 1 SIin?™n

—-in cosh: cosht a}
D0, 1

e

) 03
1 S ~
5 cosh § +Cosn 4

that Llﬁﬂ,ql) satisfies the differential equation of the first
orders:

o(L (n,n )
m]ﬂ:-ﬂ—_—-,-_.-]-;“ Y l! r— T[- : (2)
. d.Q. = 1 COSQ il Ll( 9*?1)“ - "'é' Slﬂhl HO (..Q). (2.?)

Solving this eguation one has

. n
_ _lllcosvy » . N
. L O
(2,3)
where the following identity is used:
O
1,(0,7)= sinn, §—% o o 2 / — = .
- @ cosh$ +cosh, , 1+t~
Ei?osol (2,4)
S1nn,

Formula (2,3) can be justified also for real values of . by means
of analytic continuation.

Putting c = CO0S 1 15 and using
s 2
A = *f' cos cCt Jo(t)dt ",j sin CtT Yo(t)dt ) (2,5)
On On
B=  J sinct J(t)at + [ cos ot Y _(t)dt (2,6)
0, o
ylelds :
- (2,1)= sinnyf —nl eos ot = &4 oos ohe & B ain of]
Re Ll"’ql'“ sin A4 Siﬂ;l eos CR =~ 3 COS Ch— 7 Sin ¢ ALy
Q] AN T (2,7)
Im thﬂ,q1)= 31n'71 3815'1.51n.012w §~A sin cll + 5 B cos cfﬁg

(2,8)
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S0 the problem is now to commute A and B. Following L. Schwarz

(Luftfahrtforschung 19445 341-372) the following functions are
defined:

Je(A,x)= JfJ'(.lt)cos t dt,
JS(A X)= _/J'(?lt)31n t adt,
(2,9)
Ye(2,x)= j’Y (A t)cos t at,

Ys(A,x)= fY (4 t)sin + at.

Hence,
_ 1 dL 1 2
A = 2 Je(=,3) - Ys (ch>f,
B = EJS(C,C) + Yo (C,C)}.

Schwarz tabulated the functions (2,9) for A = 0.1(0.1)1. However,
1t is easily seen that here A = 1/c 1. Therceforc the Computation
Department tabulated the functions (2,9) also for valucs of A> 1.

The computations are all made by numerical intcgration. Only,
there rises a difficulty becausc of the singular nart of Y (t), viz.
£ (t) log t. When one integrates numerically the functlons Y (t)sin ct

TC
and Y (t) cos ct, onc has to computc also the crror caused by that

81ngular term during the nrocess of intecgration.

This error is found as follows:
Expand Jo(t) cos ¢t and Jo(t) sin ct into a mower-series with resnect
to t. Nowﬂpne first considers the error caused by numerical integra-
tion in d! tnlog Tdt, n= 0,l,..., when exactly the samc numerical

process 1s used as is actually done in the numerical intezration of

the functions considered.
This error be E Cn) E‘(ﬂj is easily comuted, because one can

evaluate £ log + d1: wnalytlcwlly.

0

o The error caused by the singular term of‘YO(t) in the integral
n

j'cos ct Yo(t)dt* resp. ,[ sin ct Yo(t)dt 1S glven by

o 0
O o0
— K 2k
g 2 __L_%."l n L_(_T_."l)ﬂc B n
T MN=0 1’111’11 2 N )12-:-_0 Zk: L 2k+2n ( ) ?
I'eSD e
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Both series are highly convergent and only three or four terms
~are needed in order to yield a result correcct in 8 decimals,

This process, by the way, is valid for all linear operations
in numerical analysis as e.g. internolation, integration and 4dif-
Terentiation.

A check can be madc in another way, for

o
- £
Ll( 7 (17 31n¥71 F © cosh§-+oosql
o= --i-g-'( x+-:-!‘)-c-)

I 1+2CcX + X

where ¢ = cos'?l ‘

X = e§ . é;ch

by
Be ) and J the roots of the equations

o
Hence, )f and } arc on the unit~circle. Incdeced,

c s -1
J:: ~ COS N 1 g2 MCOS2i? 1""1 = = COS V?l - L osin by, = =~ C t?ly

- .
—— - . ‘n e 1 ) l — awin ®
cos W 4 1 Sin 71 e

SO one has

1ny, “e"inna

”»-
oy n+l e
e = (1) T
e

T

Now one proceeds to compute the integral (2910) as follocws

-\n+L sin o'
T — T ( --_L) - — *




m .
- 22 -1}352]1 (=1) n+l (i) 24+k }
!

AN (D
U= = O Sinm !gl | E QT{.}.k ) ! \ — 3 14)
o s oD .
— \ f {\‘ o Sln nrz
D P NPV Lopuiit S S (2,15)
&'ﬂl j To- n=i =11 '? -L e ;

By means (2,1%), (2,14) and (2,15) the velue of T (2,m4) was
checked for one value of N and found *o Dbe correct in 7 decimals.
This sewed as an ndependent check against systematic errors.

) The method of summrtisn.

G T Yoy WP P i S S oV, ' Sl gy i il

All series mertione”d in section 1 are convercsont but the COYL—

LT
vergence 1s very poor. Ir order to overcome *his difficulty, the
following method was used.

l) An expansion is found for the terms of +tuc scries such that
¢ few terms of this ecxpansion glve enough accurasy for a Tixed value
of n. S0, e.g. the terms of the series (1,3) and (1,4) are expanded
with respect to N4, and the first two terms are sufficient to get the
terms correct in 5 decimal places.

2) This expansion is summed analytically from that value of n
till infinity.

3) Numericaily the first n terms of the series are computed and
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Now, it may be observed that all required expansions can be
split up into partial fractions, and so can be expressed by means
of the following auxiliary functions
13(n+ =)

N
. =S 9......................_................_..
T 3’0() ?n 2N+ ’ (3,1)

= » 1%(n+)
N SA&e
G(%,%)= &t , (3,2)
~. -2
c'2E) (2,1)= han- cos 2nh_Lz2 T3z , T cos2d
+1 (21’1) 4 4' f:-4' 4
'é A

5 3
s(2k) (5, 5y n sin 2n%_ 9 RO
S 3= = 5= ~% 1n (2 sinj)+ 5 ) x cotg xdx -
(2n) = 4
SR 4! 25’ | sin 2k 2 - '
- SIS - L = e (f’).\ijs’u. ), SIS
4 (2k)“ ‘ ?
) - L om0 -
C(Ck\' L0 B 3_"1 gg_gm?n‘_é__ c} = l ~ PR 0) [
2 2557 = 5= % In (2 sinjj~ 3 | x cotg x dx -
~(2n) o
A
= 2 e L4
- T tj/(x colg X Cx + 3 (%)
. Los 23 - . .__9.9.:‘?.___.__,_3}"?:} O I ) (3. E
I 3 3 9 4 9 —/
2 (2k)-
>
() %y S sin 2nd_ 93 _ X32 T oginod  gin oy)
Sy ve)s B T = G e T RS
(21)~ - ¢ (2%) -
(Y BT, (3,6)
B > 2 2 *
C(éc) (Z}\f:-' *-:-S“---'_i'l (1) 9““'5?11} = ‘éZ‘ - 1}“5 ) 9‘"”;“&” 9‘"‘"§""“"5“"““‘§' JOK
M-, nﬁ- 4 & - =
YO-1
A
N (”-L) 9-9_1%?&&9 (O‘(S\T[ )a (.-.,7\‘
(1) - ;’
e i S ¢ ¢ =\l :- ]
St (3= 5 (T BRI ¥ an (2 cosf )+ [ x cotg xdx -
8}
9/ N .
singd sin 29 k+1 gsin L8
~ 21X cotg x d x + /5 ~ 5 + o.. + (-1) ~y
1< 2 2

.g(léc) (%)= zn ,,__1) .s_a-ué

(Y
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The function (3,1) and (3,2) can be dealt with as follows:

X
co 1a(n+-2-
o DY =
F(Q’d)"’ f; 2N+ x 9 X Z - 9,
. o o
1 ] 5 r? l§(ﬂ+s<2" 1813(5'}'2)
I ,é(a 9o()= -é E_.“ e — e .
2(1-e 5)
Also, ™ 12‘(5"%)
F(§,0)= ) =g dz + I(T,x) . " (3,10)

Iln the same way,

J iei(d-’r*B)z |
6(5,00= | o 4z 4 c(0,x). (3,11)

S0 1t is casily vroved that for 1 being & positive integer

J 2 ARY R D S

F(Q,O(): - Fz “11’1 (2 Sin 'é")"*‘ 1 (f: o 3'5" : 'é* vl T'-:: G y

when o= = 8 + 2 (3 _. (3.7.2)
. , 3 T4 ”5_ ,...,':21{'}‘1.)1 Z/?
F(gn A )= iy 111 ‘ t;’-O‘L'g -"r')-:* ——— s = T — T T T St ;
’ { - -+ () 1 .18 - L |
when . = = 8 + 2 ~f4 7, (3.17)
NP * . % ;’: VL
N Y ) %_ _, ;-&_E.P } N PRI e
G'('é:!"'()“" \ 1) { [ -'-1"-(2 COS 2) n 2 ( * _rf:,;. \ T | j J
\ R P
) o
when A= — 7T 4+ U, (39...:./';

r JRr . . —2 : . . o 2 . . . . T e e B N
Dhe S AL LA l?ﬂ; U2 t' LGS WaT0e O IMLee d gt 8 o ":‘it.:l"{""" (2 S

4. Some e Xpansilond,

e AR AT AR T

+ .

First it is necessary to give exvansions Fur

e iy ‘h-l‘

" oy / . e — ,, . .
o (u g,ﬂpw"l ’ end lrl(P 9D~ 9(2*] ) \SOG’ foxr thne drrainlolone I3 >0 . oo - K

n L
Putting
1T ccs W (4.3)

one sees easlilv:e 1

o
2 o 16" n ccsy o _
Rn(P 9.99(2..}' ok ) 3 f L CQS nr? d..rz ==



R 53. Int 7,9.

A sin ny _ 2
- = 1 . 1 J lP flcoSs 71['008 (n+1)1] "COS(n‘“l)Q] dn =
»
A sinnql .
- ¢ 1 1 [ Rn+l(? 1 971) i{fl‘“l (Pg.n ,721)] . (4,2)

.. 2 2
Calculating R 4 (P y,74) and Rnwl(P yQ,74) by means of (4,2)
and substituting into (4,2), yields

2 sin n
2 0\ 2 > (1
Rﬂ(Ple)%l * (E-Q_) n+l)n n:ﬂ}: Ag_____ﬁ._.....__ -

. é [s:l.n( n+1)721 sin(n-1) ql]} .E............. [Rn+2(ﬁﬂ’ ?11'-) .

(n+1)n n({n-1) 2 — (n+1lin -
Rn 2( %Q9n1)] (. )
- n(h--l R E

It is clear that after performing this process [llog n+]:}-- P
times, the expansion will diverge because of the factors in the
denominator. Using only m steps (m< p) one gets a gocd annroximaticn

for R, (B,",7,), when n is supposed to be large and_it is eren possiblc

to state the order of the remainderterm, wviz. O(n"?ml(ém) o+l ]-L)c
Neglecting the terms of orders lower than n =< one finds the

following expansions: _ |
" iek ‘ <
Sp{Bs,%q )= f e1PTCOS Y 4o (V{)s:mrl dr[- )-—-B‘n)

O

2

g R:r:'«-'-»l(f5 ’ﬂ"?]_)“‘ Rr+1(36 ’ﬂ’ql}fr‘:

. é_{ i sin(nhl)l?l ) s:Ln( n+1) ')1} . e ? si%n(n--%?:}l 231n nn, L
(nm25(n-17 (n=-31) (ma+L

n-1 n+1l
sin(n+2)9 1T { sin( n«-’j)rzl sin(n-1)n 1 §i?(n+l)‘?1

- —————— s e et e
+ n+l){ n+2 Nn-=3%)(ne-l (n~l)2 n 2

se, (1) cos siny dn=

It

2
B(rn) { Rr-—-2(Pﬂ-"Q1)" R:«:~+2(F)%2 ’rll) B (4.5)

A sin(n-2)n 1 sin(n+2) N4 iE2_Q s:n.n(1’1«---«»3)rzl 31n(n-l,/(1 -
-4 [ i Nn-—2 'n+2 } T 2 { zl’l“"S 5 (Tl ) -(_1_"1‘* é—v'{wwwj -

sin(n+1)y 7 sin(n+3)n 1 } i sin(n-4)n,  2sin 17 §j:r;(r;-§»§;)§z,
+ G " e




R 53" In-t 7,100

One needs also

which resvlt is obtained by means of section 6 of the report R 53
Int 4 and the well-known series for J_ (%) and Y (x)

From (4,6) and the expansions of R 5% Int 5 (3,5) it follows

that (2) (o3 |
Ne 0 co sin m 2 sin(n-2)
n__ 7’ (n) =77 m_’?_l_} 2 1
?Sol‘l(?ll) I\Te(nz;'(O) T mz.:, Bm m =1 - WQ;ZP-le’l -
4 sin nypy 2 sin(n+2)1n,
T (m-Dnaln+iy T o) (ned) }'+
+T:22 ZSin(nw4)Ql 4 81n(n~2‘ﬁ_ 4 81n(n+?)?l

h—4) (n=-2) (=101 (1) 2rl ety T T

) "n(n+1) (n~l)n(n+1)

2 sin(n+4)ﬂl

""'.) A N\
nfn+15(n+2—)-(' +47}+O( ) . (4.7

Indeed, it is clenr that

o0
"An(ﬂ)= f e""‘l.ﬂ COBh§ — n} t}.; _
Q
2

1 ifn 1 1 Q1 2, .1
T on 12 (n-—-l T n+1) - 2,22 (n--2 MO~k
A N S SRS N € £ A A SR

3123 n-3 n-1 n-+1 n+%’ °*° Nt 2N n = n=4+20 " 7T RT

N RNQQ), (e B)

where N <{n, N is a positive integer, and
— L_:_];_-:_r_l__c_)_(_)__s_}_l___)_ "ng | | 2\
Ry (£2)= Oj I:Zh’ 7! e at (4,4

because

Q=  (cincosnd) oo aj =
. Ay

{.
N @ 9
A i J ™ (cosh} ) 4§ + R (n),

and evaluating the integrals in the last line yields readily formu'la

(4,7). Again it may be noticed that all these expressions diverge



R 53. Int 7, 11.

Finally it will be proved that

+1 < % -7 -
An(pr= (DM Z B A - o @ LY, (4,0

Therefore onc needs (5,5) and (5,6) of R 5%, Int 4,7. Tirst is *to
he shown

¢ & o 9 (4‘;11)

In this order only the case of even n is dzalt with. The gase
ef odd n is similar.

2T 2 dr Dy (4412)
and
f (2n) _ bZnT(()zn)"zq T(221'1) _ "321:1T(02n)"'8I T(22n)
W T aeREn N : (441%)
Furthermore, T( 2n ) 1s the solution of the nee—-rcelatici
of T( 2n) that becomijs? small for lar o relauéﬁs
m ge values of r. Hence, ons has

only to substitute the expressiona (see R 53, INT H, (3.5)

B( on) _ (ml)rﬂns on) 1T
2I’ I‘-'*I’l r I‘+n o + v 4
and
(2n) _ ! =N Y (r-n)+VY T+n )
Top " = =3 (D7 "(2n)! “"%?-‘-Trf%"‘rf-%ﬁ?'"

into (4,12) and (4,13), and (4,10) results.
By means of relation (3,6) of R 53, Int 4 it is shown that
lI;n(fl) ‘ { (n=1)! 2+n+1_()_ n

So the largest term in (5,5) of Int 4 is

T(O“) Hq(2)

that has the order T %" n! [ %-n] ¢+ s Where [%-n] denotes the greatcst
integer contained in #n.

Also,
K _(p,0) | in
n T —-tn+1

where Kl is some constant independent of n, L andfl, whot yields tho
proof of (4,9).
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1f at last
=Ne1 9
N= N Zh
Ag@= 5" =+ Ry(a), | (4,14)
o h=-N+1

and one sees that except for (1,2), all series, mentioned in section
1, can be built up by the parts described above, and the method of
section 3 is available to produce the results correct in 5 decimals
using only the mentioned first two terms of the expansions.

For N = 9 the highest value of N taken in the computations, the
functions Gk are tabulated below

o o, .92 ot _af _}.....-f::.—._..?_.._._._
0 - 4 64 — 2304 T 147456 7
' 3 5 I
B -6 _ sy _H a2 q- 0 }
1~ -1 = 1{ > T 3 332 1 18430 |
2 4 6 3
B 0 a 0 ne
92 - 2 T 96 T 3072 T 182350 °
5 T
— B p— ....‘:.)'3..... - {l {1 l -\
93 S 1?4—8 768 T 30720 | ° (4,15)
4 6 3
@ — O T aaetm— £ -+ fz:,
4. ~4 384 7680 363640 7
5 7
_ i 1
95 B e-—-s ““{3840 T 92180 } ’
5 3
_ {1 N
B¢ =0 ¢ 16080 ¥ 1290240 !
0, =0_-, =1 g——-——ﬂ7
3
n
S g = © -3 -~ I0%21920 °

Now GnCP,ﬂ,Ol) has to be treated, defined by

, o cosh ws'2) (3)
Ga(fr0,77)=(-1)" sep(0) f o7 008 S EONCEY

Ne 7TT(O *
e“m381n.nﬂl
+ Z (n?) L d§ sen("zl)ﬂn(an)"’
L - (n) Sin mnq L=
+ (-—l)n Sen(O) mZ-.:: Bm —3 -Am(ﬂ-) . (45106,

Substituting (4,9), (4,14) and

seAKO)z > mﬁB&n),

m=1
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one readily gets

0 ‘ﬂ:_l 9
G’n(@,—ﬂ,n 1) - (“1)n fgg-! Bl('ln) Cﬁ( Ul)'m..zg:. ‘ﬁ“_;:‘%‘;‘} 9 (4,17)
where o . :
N S <n>{ sin hmy EEEEJEZ;f ~
ey (M 4)= mZ_; m B - ~ — : (4,18

Because of the poor convergence of the serics (4,14) it i%
necessary to talke in (4(17) n equal to 8 and more. Then one has

only to use the B;n), BnE; and Bgﬁg multipliea with enough terms of

the series for /L _ (N) in order to get out results correct in 5

N
4

decimals when U ¢
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-2)+ 6 F(27,,0)-

. 1 7 |
F(2?1,4)§” T§5 COS 401]

e 2]

_ -31- ] Refe® M F(21;,-2)- 6 eZ1M §(2n,,0)+ 3 F(2ny,2)+26 M@0,

2
+ 12 C(%O) (2,"[1) - CO0S8 ¢ ql(-%— —

-21n

+ [ Re{--z e o1 F(2ny,=-2)+ 4 F(2n4,0)- 2 e F(2u7h2)}+

cos 81y COS lOQ1
+ 2 cos 2&71(--?-——— + m{(;?m )

_ sin 20y sin 474 sin 6 23
- 2 sin 2q1{2 S, (2,0))- —5— - —g— - —1§g " -
sin 8q1 sin 10144 } 7 ]

S 104 590

l I 41‘ ' Zim . - i -
v 7 [Re{e " F(2Q1,O)+ 4 e F(29752)= 5 1‘(2;71,4)}

(10)
C*5 (2

»

- 2
e T -6
r 8 sin 2nye 5130 (20 Ty - Sy ]}“

+ q2/16 .‘ A x
:{ - [ Re {eim F(2W1,w4)-— 2 e”lth( 2’?1:“2)4' e"qu' F(QQ]_:O) }.....

((3)4+ 25)- 8 sinn .59 (2,m))]
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+ 2 [ Rejel M E(29y,-6)- 6 e MF(20y,-4)+ 3 e ™31 F(29,,-2)+

‘ 6
+ 2 e”?%M F(2Y11,O) + 12 cos 3'71.0(2 ) (2,0l)+

- -i]—'-8~ [ Regz eBin.F(2)zl,...4_).- 9 eiV). F(2017“2)+ 18 e--l"'h F(27?1,O)-~
e
-3 10 i

- 12 sin 3ql.s(%o)(2,ql)}

1 LN, -1in, -31n,
+ 5 [ Re {7 el'? F(2Yzl,—-2)-- 8 e n F(Z’?l,O)+ e F(Z’Ily )}"‘

T
+ 48 cosnl); 0(6) (2,74)~ %‘ 0(6) (2519)- 3 5(3) 3¢ ~ glzé'f?

5

- 48 sin g { 3 S (6) (2,17)- 7 820 (2,m7) |
-3:5[ Re{e')'i’?' F(2w,=6)+ 12 e~ T F(2np,-2)- 16 e 21 U F(21,,0)+

' 118 >
- 24 sin nl. S(g) (2,771)& cos 3N l("Té'Ga - T7 )]

' D1 in,
- “i]':é“ [RG{B 851’1' F(2n1’“2)“ 16 eBln' F(2n19o)+ 12 e F(2n1’2)+

+ e-—-3ih. F(2q1,6) §+ 24 cosny - 0(210)(2:’2 1) -

2 20709
- 24 sin nl.S(%O) (2,*11)-" cos > ’?l(TT - *Q"i'"‘o“@")]

+ ;_2L_ [ ReieBin' F(2Yzl,--2)-- 8 ein' F(2nl,0)+ I e~ F(2)71,2)f +

. >
\ 1 m
v 48 cosny)s 1 +r ¢ 30 (2575 3)- 55
v 192408 1
5184000

+ 48 sin”?l%%' S(Blo) (2’721)-'" i~ 2 (23721) }]

L N 3 “th‘
“"?[R" i...neaw' F(2R,,-2) + 18 ¢ “UE(2an,. o) -9e@ = F(2n,,2) + 2@ F{2n,, q)i
{

(6) (8)
¥ }A Cos g.QliC (ZTZ)-— 1 %’OS 2 Sin 3"2, 5 (2'7)]
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' 1 . ”inz
+ 25| Reje”™™ F(2y,,-6)-10 e ™ F(27y,-2)+20 e™ T F(27y,0)-

. | .. Tcos 5721
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